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subject to restricted three-body dynamics4 with no thrusting,
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Introduction

R ESEARCH into low-thrust Earth-moon trajectories has in-
creased recently.1"3 The time and effort required to obtain an

optimal low-thrust lunar trajectory depends greatly on the initial
estimate of the trajectory used in the optimizing process. Pierson
and Kluever2 present an effective method for finding an initial esti-
mate for a class of Earth-moon trajectories. However, their method
requires the setup of tabular data before the initial estimate can
be found. This data table must be recomputed for each new initial
thrust-to-weight ratio, radius of the initial low Earth orbit (LEO),
or radius of the final low lunar orbit (LLO). This Note describes a
dynamic boundary evaluation (DBE) method that replaces the data
table construction and subsequent interpolation with an on-line it-
erative numerical process.

The optimal low-thrust lunar trajectory problem treated here in-
volves a planar transfer from a circular LEO to a circular LLO.
A specified thrust-coast-thrust sequence is assumed using constant
thrust. The spacecraft thrusts away from the LEO, in an increasing
spiral, until enough energy is gained to make the lunar rendezvous.
The spacecraft then coasts to the vicinity of the lunar sphere of influ-
ence, where the spacecraft thrusts, in a decreasing spiral, to the de-
sired LLO. The minimum-fuel solution is the one that accomplishes
this transfer with the minimum time spent in the two thrusting pe-
riods, because the assumed constant thrust implies a constant mass
flow. The Pierson-Kluever method2 uses maximum-energy spirals,
described later, to approximate both the Earth-departure and the
lunar-capture thrusting arcs. This composite trajectory, consisting
of the maximum-energy spirals plus an optimal translunar coast, is
then used to estimate the fully minimum-fuel transfer from a circu-
lar LEO to a circular LLO. This estimate is very accurate in terms of
performance; i.e., the fuel spent is very close to that for the fully op-
timal case, and the control time histories for the thrust-steering angle
are adequate to ensure convergence to a solution of the full problem.

Implementation of the DBE Method
The approximate optimal lunar trajectory consists of a nonthrust-

ing arc that patches two thrusting arcs together. The two thrust-
ing portions of the trajectory include the departure from LEO and
the capture into LLO. These two thrusting phases are modeled by
maximum-energy spirals, and patching the trajectories then matches
positions and velocities at both the end of the Earth departure and
the beginning of the lunar capture. The problem statement for the
coast-patch problem can be written as follows: Find r\ (the radius at
the beginning of the coast phase), 0\ (the polar angle at the beginning
of the coast phase), nif (the final mass), and a nondimensional time
parameter a(t = ar) that minimize
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where (r, 0, Vr, Vg) are the radius, polar angle, and radial and tangen-
tial velocities of a standard polar coordinate system, respectively;
r2 is the radius at the beginning of the lunar capture; and ?dep and
?cap are the departure and capture time durations, respectively.

anfo.m,) (10)

Use of the time transformation t = ar allows us to convert a vari-
able end-time problem in t into a fixed end-time problem in r. The
functions f\ and /2 provide the boundary conditions at the end of
the Earth departure and require one input parameter, the radius r\,
whereas the functions g\ and £2 provide the boundary conditions at
the beginning of the lunar capture and require two input parameters,
the radius r2 and the final mass mf. These functions can be deter-
mined in different ways, one of which is to construct, from a set
of maximum-energy solutions of fixed duration, a table of time-of-
flight and radial and tangential velocity components for the specific
initial thrust-to-weight ratio used and then simply to interpolate
within this table to find the boundary conditions2 for the translunar
coast trajectory.

On-Line Approach
We first tried to solve these boundary conditions on-line using

a root-finding process.5 The maximum-energy problem mentioned
earlier is for a fixed final time and free final radius. The related prob-
lem of fixing the final radius and finding the velocity that maximizes
the final total energy is actually a maximum final-speed problem.
The use of maximum final-speed rather than maximum final-energy
trajectories for the escape/capture approximations is possible but be-
yond the scope of this Note. The problem of finding the maximum-
energy spiral that ends at a specified radius is equivalent to finding
the time-of-flight rdep that satisfies

^desired ~ = 0 = F(fdep) (H)

The expression rfeep) denotes the final radius found by solving
a maximum-energy problem with a time-of-flight of rdep. Equation
(11) requires evaluating a function, however complicated, that is the
difference between the desired final radius and the calculated final
radius. The departure time that satisfies this equation completely
determines that trajectory, and the result can be used as the initial
conditions for the coast-patch problem, Eqs. (1-8). An iterative root-
finding algorithm then can be used to solve Eq. (11). This method
proved effective, but its performance was limited by the necessary
computational burden of calculating a large number of maximum-
energy spiral solutions for each iteration of the optimization. We
then derived a new method of finding the boundary conditions by
incorporating the root-finding process into the optimal solution of
the approximate translunar problem.

A still more direct approach is to treat the radius r as the indepen-
dent variable rather than time. Then, the final radius is automatically
the desired one and we have a fixed end-time problem. This con-
version is possible because the radius is a nondecreasing function
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for the maximum-energy spiral. However, other trajectories near
the maximum-energy solution may not have this same property, and
the transformed differential equations can therefore become numer-
ically unstable. These trajectories are usually computed iteratively,
which allows the possibility of a nonviable trajectory being con-
sidered. Also, the transformed equations of motion are singular for
r = ra because the initial radial velocity is zero for circular tar-
get orbits. Numerical experiments starting the iterative process at a
viable trajectory and with an extremely small nonzero Vr(r0) have
not been encouraging, although an analytical asymptotic treatment
remains a possible topic for future research.

An implementation of the previously mentioned iterative on-line
method requires an optimization solution to be found within another
optimization problem. These types of embedded optimal problems
require special consideration and are difficult to solve using the
traditional Fortran 77 programming language, because Fortran does
not allow recursive function calls. It is necessary either to use another
optimization program or to change the way the compiler creates
the executable code. Because neither of these options is desirable,
a different language, specifically C and then C++, was used for
all of the numerical calculations. Care also must be taken that the
embedded optimal problem, here the maximum-energy spiral, has a
reasonable chance of convergence and that a restart is allowed. This
is the primary difficulty involved in implementing the DBE method
and the major cause of why the DBE method may not converge to
a solution for the overall problem.

Modified Maximum-Energy Method
The solution of the maximum-energy problem usually involves

solving the two-point boundary-value problem obtained by applying
optimal control theory. The resulting final boundary condition for
the costate eqations are2'5

X,(D = -(/x/r2) (12)

(13)

(14)

A similar boundary-value problem can be formed by analyzing a
fixed-final-radius maximum-speed optimal problem: Given raited*
find M(T) , 0 < r < 1, and a that minimize
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The boundary conditions on the costate variables for this problem,
obtained after applying optimal control theory, are
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where v i sa constant multiplier. The boundary conditions differ from
Eqs. (12-14) only in the final value of the radial costate variable X r.
The resulting trajectory of either the maximum-energy spiral or the
restricted maximum-speed problem is completely determined by the

costate boundary conditions and the time-of-flight parameter a. The
maximum-speed problem then can be used to solve the maximum-
energy problem with a specified final radius by enforcing Eqs. (19),
(21), and (22). This is the DBE method that is the subject of this
Note.

A similar type of maximum-speed problem can be formed for the
lunar-capture boundary conditions with the only added complexity
being the unknown quantity of the final mass. Two basic ways of
dealing with this have been implemented. The first is to treat the
final mass as an additional design parameter and add a correspond-
ing constraint to ensure that the linear mass equation is satisfied for
the entire trajectory. This method is necessary when tables are used
for the boundary-condition evaluation because it is the only way to
determine the final mass accurately. The second way of dealing with
the final mass, which becomes possible when the boundary condi-
tions are evaluated on-line, is to calculate the mass when needed,
using the linear mass relation. This can be done because the mass at
the beginning of the lunar capture is known because the exact Earth
departure is now known. This has the advantage of decreasing the
number of design variables and constraints. However, the technical
difficulties in implementing this outweigh any improvement in per-
formance. Therefore, for simplicity, the first method of adding an
extra design variable and constraint is recommended.

Comparison of Solution Methods
The main advantage of the DBE method is that it eliminates the

necessity of constructing a table of flight times and velocity compo-
nents for the boundary conditions of the coast-patch problem. The
construction of such a table is very labor intensive and can lead to the
introduction of extraneous errors. Also, the time and effort required
to construct such a table for specific trajectory flight parameters does
not help in the solution of other problems with different parameters.
Changing the initial thrust-to-weight ratio, for example, requires the
formation of an entirely new table that cannot be formed from infor-
mation contained in the old table. The same can be said of changes
in the initial and final circular-parking-orbit altitudes and the initial
mass.

A second advantage of the DBE method is that it reduces the
overall time required to solve the coast-patch problem. For the tab-
ular method, the total time includes both the time to construct the
table and the processing time of finding the solution once the table
is available. This can vary a great deal depending upon any prior
knowledge of the solution. The table can be smaller and use a finer
grid if the general range of the solution is known. However, if no
knowledge of the solution is available, the table must be relatively
large and use a coarse grid to ensure that the solution boundary
conditions lie within the tabular values. The DBE method does not
require any time other than that required for solving the maximum-
energy problem. Also, the accuracy of the boundary conditions will
be ensured as long as it is possible to find a viable solution for the
given input parameter.

An example solution illustrates some of these advantages. An ap-
proximate solution for a lunar mission is sought starting in a circular
LEO of 315 km and terminating in a circular LLO of 100 km. The
spacecraft has an initial thrust-to-weight ratio of 0.003, an initial
mass of 100,000 kg, and an electric thruster with a specific impulse
of 10,000 s. The optimal trajectories were solved by using a nonlin-
ear optimization algorithm to minimize the terminal-state error with
a constraint tolerance of 10~8. The flight paths were found using the
Bulirsch-Stoer variable-step integration scheme with an accuracy
of 10~1(). The tabular method's total CPU processing time, which
includes the preprocessing time for the table setup, is 898.6 s, where
892.4 s is spent forming the table and only 6.2 s is spent on the solu-
tion of the approximation. The DBE method's total processing time,
which does not have any preprocessing time, is 780.2 s. The actual
solution time is much smaller for the tabular method than for DBE,
which is expected because the DBE method requires the solution
of two maximum-energy spiral problems for each evaluation of the
objective function. The optimization histories of both methods for
the solution of the translunar coast problem are nearly identical,
i.e., each method required 23 iterations and produced nearly identi-
cal states at each iteration. The construction of the table takes many
more user-hours, whereas the DBE method is virtually unassisted
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during its optimization process. We are not reporting these user-
hours because of the difficulty in assigning an accurate metric to
them.

Conclusions
The DBE method provides a fast and flexible way to evaluate the

boundary conditions and performance index for the approximate
translunar problem. No reprogramming is required to change spec-
ified system parameters, such as the initial thrust-to-weight ratio,
and any interpolation errors associated with the tabular method are
eliminated.
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I. Introduction

IN bank-to-turn (BTT) steering of a flight vehicle, the control
system continuously banks the flight vehicle to minimize the

side-slip angle and, hence, the asymmetry of its vortex wake. Conse-
quently, the flight vehicle can maneuver at a higher angle of attack,
thus increasing the lift capability and accomplishing a turn in a
shorter time. Although the BTT steering offers much theoretical
improvements in maneuverability, practical flight vehicles that use
this steering are still not able to achieve the desired results. This is
because of inherent limitations in the autopilot designs. In recent
years, nonlinear autopilot designs based on dynamic inversion have
been developed.1"5 In this Note, we present a nonlinear control law
that takes into consideration the full nonlinear dynamics of the flight
vehicle. The approach in autopilot design is based on the differen-
tial geometric control theory popularized by Brockett.6 We show
that the nonlinear coupling between the kinematics and dynamics
can essentially be canceled using feedback and kinematic inversion
in the control law. The use of the kinematic inversion essentially
removed the nonminimum phase zero associated with the airframe
dynamics. The nonlinear control law developed requires only mea-
surements of the roll angle, incidence angle, side-slip angle, and
body angular rates.

II. Problem Formulation
We present a new formulation of the dynamical equations of mo-

tion. The following assumptions are made in the development of the
nonlinear autopilot.
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Assumption 1. The control surface effectiveness terms are small
compared to the aerodynamics derivatives and damping terms.

Assumption 2. The airframe is rigid.
Let a denote the incidence angle and f> the side-slip angle. The

evolution of incidence and side-slip angles is dependent on the body
angular rates. Thus, these angles can be indirectly controlled via the
body rates. We define a new set of output variables,

y\ : = <

:= tana

(1)

(2)

(3)

where 0 is the roll angle. Given the desired roll angle and the desired
incidence and side-slip angles, we can compute the desired output
directly using the definitions. Letj := [yi, y2, ys]7; then, the time
derivative of the output vector is

y = C(y)x

where

x :=

C(y) := + y\

(4)

(5)

(6)

Suppose the system input variables are the equivalent aileron, ele-
vator, and rudder command, denoted by u. The evolution of the state
vector x is given by Euler's equation and the equations describing
the aerodynamic moments

x=f(x,y)+g(x)u (7)

where f ( x , y ) andg(#) are functions of the aerodynamics and kine-
matics of the flight vehicle. The equations of motion of the system
are completely described by Eqs. (4) and (7). Moreover, the kinemat-
ics and dynamics of these equations are tightly coupled and highly
nonlinear.

III. Nonlinear Autopilot
We develop the nonlinear autopilot. The nonlinear differential

geometric approach we adopt was first popularized by Brockett.6
We rewrite the equations of motion as follows:

x=f(xty)+g(x)u

y = C(y)x

(8)

(9)

Since the control law does not appear in the output, Eq. (9), we
differentiate the output with respect to time, and after some simpli-
fication we obtain

y = 3y + C(y)f(x,y) + C(y)g(x)u (10)

Thus a nonlinear control law, which completely decouples the
output equation, can be written as

- i f " dC(y)
L 3y~ '-C(y)x-C(y)f(x,y) + v\ (11)

where i^e/?3 is an auxiliary input. The closed-loop equation of
motion using the control law is given by

y = v (12)


